For a closed manifold M , let Fib(M ) be the number of distinct fiberings of M as a fiber bundle with fiber a closed surface. In this paper we give the first computation of Fib(M ) where 1 < Fib(M ) < ∞ but M is not a product. In particular, we prove Fib(M ) = 2 for the Atiyah-Kodaira manifold and any finite cover of a trivial surface bundle. We also give an example where Fib(M ) = 4.
Introduction
Let M be a closed manifold. We will call the following number the fibering number of M 
where two such bundles are equivalent if and only if there is fiber-bundle isomorphism between them. In the case dim(M ) = 3, Thurston [Thu86] classified all possible bundle structures of the same total space using the Thurston norm. The result states that Fib(M ) = ∞ if and only if dimH 1 (M ; Q) > 1. The Theorem 1.2 (Finite cover of a trivial bundle). Let E be regular finite cover of a trivial bundle B × F where g(B) > 1 and g(F ) > 1, then Fib(E) = 1
Salter [Sal15a] gave the first construction of a surface bundle over surface where Fib(M S ) ≥ 4, see Section 5 for details. In this paper we also compute Fib(M S ). However, all the examples Salter constructed have Fib(M ) a power of 2. Therefore, we ask the following question.
Question 1.4 (3 fiberings construction). Is there a surface bundle over surface M so that Fib(M ) = 3?
Organization of the paper
In Section 2, we will give descriptions of M AK , a geometric description and the monodromy representation. Then in Section 3 we will prove our main theorem: Fib(M AK ) = 2. Section 4 we prove that when M is a finite cover of a trivial bundle, Fib(M ) = 2. In section 5 we show that Fib(M S ) = 4 for M S as constructed in Salter [Sal15b] . 
Monodromy description
Let PMod g,n be the pure mapping class group of S g,n , i.e. the isotopy classes of S g that fix n points individually. Let Mod g,n be the mapping class group of S g,n , i.e. the isotopy classes of S g that fix n points as a set. We have a generalized Birman exact sequence as the following, see e.g. [FM12] .
The two disjoint sections of the bundle S 3 × S 3 give us a map (id, τ ) : S 3 → PConf 2 (S 3 ), therefore we have a monodromy representation:
Let b ∈ S 3 and b = τ (b). The Z/2 branched covers of S 3 branched over b and b are parametrized by H 1 (S 3 ; Z/2). Pick any branched cover S 6,2 → S 3,2 with deck transformation σ. Let PMod σ 6,2 be the stabilizer of σ in PMod 6,2 . We will have a map as the following.
Since the kernel π 1 (S 129 ) acts trivially on H 1 (S 3 ; Z/2), we will have that the monodromy π 1 (S 129 ) →
Problem 2.2. The lift of the monodromy is not unique! Let {a i , b i } be the generators of π 1 (S 129 ), and let ρ : π 1 (S 129 ) → M od 6 be a monodromy representation. Because σ is commutative with any element in 3 The proof of Theorem 1.1
In this section, we will give a proof of Theorem 1.1 by describing the monodromy action on homology and computing H 1 (M AK ; Q).
Lift of a square of point pushing
Let a be the loop in Figure 1 . We have that Push(a) = T x T −1 y .
Figure 1: Point pushing
Because the Z/2 cover is branched over the point b, one of the curves x or y will lift to two copies and the other will lift to a single curve. Also a will have two lifts, which we call a andã. Let Lift(Push(a)
2 ) be the lift of point-pushing action on S 6 .
Lemma 3.1. For c ∈ H 1 (S 6 ), the action Lift(Push(a) 2 ) on c has the following 2 possibilities:
Proof. Suppose Lift(x) = x ∪x and Lift(y) = y . By looking at the action locally, we have that Lift(T
We know that as a homology class y = x +x, we have the following computation.
It is not hard to see that the two lifts of a and x are homotopic, therefore we have
The case where Lift(y) = y ∪ỹ and Lift(x) = x , we have With the action σ on S 6 , we could decompose H 1 (S 6 ; Q) by eigenvalues of σ * . The deck transformation σ is an involution, therefore the eigenvalue of σ * is {±1}. Let H + be the eigenspace of σ associated with eigenvalue +1 and H − the eigenspace of σ associated with eigenvalue −1.
Let S 6 p − → S 3 be the branched cover on one fiber. Since H 1 = Hom(H 1 , Q), a cohomology class is the same as a functional on H 1 .
Proof. By the transfer map, we know that H + ∼ = H 1 (S 3 ; Q). The map H 1 (S 6 ) → H 1 (S 3 ) is the same as the projection to H + coordinate.
With the above Figure 2 , we have a geometric description of a basis {a 1 , a 1 , ..., } of H 1 (S 6 ).
The π 129 -invariant cohomology
Pick a free Z/2 action τ on S 3 as in the 
However, a 1 −a 1 and a 3 −a 3 are independent elements in H 1 (S 6 ), so we can find b such that i(b, a 1 −a 1 ) = 0 and i(b, a 3 − a 3 ) = 1. Therefore we must have f ( a 3 − a 3 ) = 0 and f ( a 1 − a 1 ) = 0
Case 2: For any b in H 1 (S 6 ),
Lemma 3.4. We have the following ismorphism.
Proof. We use the same argument as Lemma 3.3 on (b 2 a 1 ) 2 , we get that
Since we already have f ( a 1 − a 1 ) = 0, we get that f ( b 2 − b 2 ) = 0.
From the above discussion, we have that dim(H 1 (S 6 ; Q) π1(S129) ) ≤ 7. We also have that p * H 1 (S 3 ; Q)) ⊂ H 1 (S 6 ; Q) π1(S129) , therefore dim(H 1 (S 6 ; Q) π1(S129) ) ≥ 6. However, we have an exact sequence
Since M AK is a Kahler manifold, it has even first betti number. So we have dim(H 1 (S 6 ; Q) π1(S129) ≥ 6 which means
3.4 Proof of the Lemma 'A condition on two fiberings'
Lemma 3.5. Given any total space M of a surface bundle over a surface, if there are two different coverings
Proof. This is Lemma 3.3 in Salter [Sal15a] .
Lemma 3.6 (A condition on two fiberings). Let S h1 → M p1 − → S g1 be a surface bundle over surface where
− → S g2 be another bundle structure with g 2 , h 2 > 1.
and if
is injective, then Fib(M ) = 2.
Proof. Suppose there exists a third fibering F → M p − → B. By Lemma 3.5, for every nonzero element
Since χ(M ) > 0 and χ(F ) < 0, we have χ(B) < 0 implying g(B) > 1. Therefore we have another element y = 0 ∈ H 1 (B; Q) not a multiple of x but satisfying that
We have x ∪ y = 0 implying that
By Kunneth formula,
we will have ad + bc = 0 and ac = bd = 0. By the property of tensor product, the only possibility is that c = ka and d = kb. In this case, y is a multiple of x, which contradicts to our assumption on y. Therefore, the result follows.
With loss of generality suppose any element x + y +z +w ∈ H has w = 0. Suppose there were independent x 1 + y 1 +z 1 , x 2 + y 2 +z 2 ∈ H such that (x 1 + y 1 +z 1 ) ∪ (x 2 + y 2 +z 2 ) = 0. We should have x 2 + y 2 = k(x 1 + y 1 ) by Lemma 5.3. However we should also have x 1 + y 1 + z 1 = 0 and x 2 + y 2 + z 2 = 0. hereforez 2 = kz 1 , which means x 2 + y 2 +z 2 = k(x 1 + y 1 +z 1 ). Which is a contradiction.
If we have 1') and 2'), H = p * (H 1 (B; Q)) will intersect with one of 4 known fiberings. By Lemma 3.5 we don't get a new fibering.
